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A CHARACTERISATION OF TORIC LCK MANIFOLDS
NICOLINA ISTRATI
Abstract. We prove that a compact toric locally conformally Ka¨hler manifold which is
not Ka¨hler admits a toric Vaisman structure, a fact which was conjectured in [12]. This
is the final step leading to the classification of compact toric locally conformally Ka¨hler
manifolds started in [14] and [12]. We also show, by constructing an example, that unlike in
the symplectic case, toric locally conformally symplectic manifolds are not necessarily toric
locally conformally Ka¨hler.
1. Introduction
In the present paper, we are interested in the incarnation of toric geometry for locally confor-
mally Ka¨hler (LCK), or more generally, for locally conformally symplectic (LCS) manifolds.
The beginnings of this study can be traced down to the article of I. Vaisman [16], where he
argues that LCS manifolds are the natural phase spaces for Hamiltonian mechanics and is
the first to give a good notion of Hamiltonians in this context.
An LCS structure on a smooth manifold is a non-degenerate two-form which, around every
point of the manifold, differs from a local symplectic form by a conformal factor. In analogy,
an LCK structure is a LCS structure together with a compatible complex structure, such that
the non-degenerate form in this case is locally conformal to a Ka¨hler form. As they appear
in the current definitions and in the motivations given by I. Vaisman, LCS/LCK manifolds
generalise symplectic/Ka¨hler manifolds. However, in many ways, and in particular in the
context of this paper, there exists a duality between the behaviour of strict LCS manifolds
and (conformally) symplectic manifolds, and since the latter are already well understood in
toric geometry, we will call LCS manifolds only the former.
General Hamiltonian group actions and the corresponding reduction procedure in the LCS
and LCK context have been considered by S. Haller and T. Rybicki in [8], by R. Gini, L.
Ornea and M. Parton in [7], or by A. Otiman in [13]. But only recently were Hamiltonian
actions of maximal tori on LCK manifolds studied towards a classification, by M. Pilca in
[14] and by F. Madani, A. Moroianu and M. Pilca in [12]. The program is as follows: there
exists a class of LCK manifolds, called Vaisman manifolds, which is better understood via
its many geometric properties. In particular, the universal cover of a Vaisman manifold is a
Ka¨hler cone over a Sasaki manifold. In [14], toric Vaisman manifolds are studied and it is
shown that for every known existing equivalence of categories between them and some other
class of manifolds, the Hamiltonian toric action also is equivalent to a natural Hamiltonian
toric action in the given category. Then, in [12], it is shown that the corresponding toric
Sasaki manifold to a toric Vaisman manifold is actually compact. But Sasaki manifolds are
in particular contact, and compact toric contact manifolds have been classified by E. Lerman
in [11].
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On the other hand, in [12] toric LCK manifolds of complex dimension 2 have been given a
classification, and it turns out that they all admit toric Vaisman metrics. Hence the question
was raised of whether this is always the case, regardless of dimension. The main result of this
paper is an affirmative answer to it, and so, together with the above cited papers, amounts
to a classification of toric LCK manifolds as complex manifolds with a torus action.
Theorem A. Let pM,J,Ωq be a compact LCK manifold that admits an effective holomorphic
twisted Hamiltonian action of a torus of maximal dimension. Then there exists a (possibly
different) LCK form Ω1 with respect to which the same action is still twisted Hamiltonian,
and such that the corresponding metric g1 is Vaisman.
Remark that the universal cover of a LCK manifold is a non-compact Ka¨hler manifold, so
one might want to use the theory of toric symplectic manifolds in order to prove the result.
However, in the non-compact world the theorems of convexity and connectedness for moment
maps of Atiyah and Guillemin-Sternberg fail, and one no longer has a characterisation of the
symplectic manifold in terms of the image of the moment map. As proven by E. Lerman and
S. Tolman in [10], classification results still are possible, but in terms of more complicated
objects. Hence we chose to give a direct proof, not relying on the known facts from toric
symplectic geometry.
The proof occupies Section 5 and roughly goes as follows. First we remark that the holomor-
phic action of the compact torus T on the manifold M naturally extends to a holomorphic
action of the complexified torus Tc. In particular, on the minimal Ka¨hler cover Mˆ of M , Tc
has a dense connected open orbit, since the T-action is Hamiltonian. This allows us to view
the deck group Γ of Mˆ as a subgroup of Tc, and to extend it to a one-parameter subgroup of
Tc. However, there is no reason for this group to act conformally on the LCK form, so at this
point we have to construct, by averaging, a new LCK form, still compatible with the T-action.
Finally, we are able to explicitly write down a toric Vaisman metric in the conformal class of
the averaged metric.
The rest of the paper is organised as follows: in Section 2 we speak briefly of equivalent
definitions of LCS/LCK manifolds and of properties of their infinitesimal automorphisms.
In Section 3 we introduce Hamiltonian group actions in the LCS context. Section 4 puts
together the results we use for our proof. In particular, we give a characterisation of when
the action of a compact Lie group on a LCS manifold lifts to the minimal symplectic cover,
and then show that the maximal dimension of a torus acting effectively on a 2n-dimensional
LCS manifold is n` 1.
Finally, it is known that compact toric symplectic manifolds are actually toric Ka¨hler, as a
consequence of the Delzant classification. It is natural to ask if the analogous fact holds in
our setting. It turns out that the answer is negative: in Section 6 we show, by exhibiting an
example, that the class of compact toric LCS manifolds strictly contains the compact toric
LCK manifolds.
Acknowledgements. I thank my PhD advisor Andrei Moroianu for introducing me to the
problem and for all the useful suggestions.
2. Preliminaries on LCS and LCK Geometry
2.1. Definitions and Notations. Let M be a differential manifold.
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Definition 2.1. A non-degenerate 2-form Ω P Ω2M is called locally conformally symplectic or
LCS if there exists a closed non-exact 1-form θ P Ω1M , called the Lee form, such that:
(1) dΩ “ θ ^ Ω.
Moreover, if there exists an integrable complex structure J with respect to which Ω becomes
a positive p1, 1q-form, i.e. such that gp¨, ¨q :“ Ωp¨, J ¨q is a J-invariant Riemannian metric,
then Ω is caled locally conformally Ka¨hler or LCK.
Equivalently, Ω is LCS (or LCK respectively) if and only if there exists a covering of M
with open sets tUαuαPI such that Ω restricted to each of them is conformal to a symplectic
(respectively Ka¨hler) form:
Ω|Uα “ e
ϕαΩα with dΩα “ 0
where ϕα P C
8pUαq and Ωα P Ω
2
M pUαq. Moreover, we have θ|Uα “ dϕα and the fact that
θ is not (globally) exact corresponds to pM,Ωq being non conformal to a symplectic (or
Ka¨hler) manifold. Also, it can be seen directly that if a form Ω is LCS or LCK, then for any
u P C8pMq, the form Ωu :“ e
uΩ is also LCS or LCK with corresponding Lee form θu “ θ`du,
thus these notions are conformal in essence. We will denote by rΩs :“ tΩu|u P C
8pMqu the
conformal class of Ω.
Remark 2.2. This notion is only interesting for us on manifolds of real dimension at least 4.
Indeed, on manifolds of dimension 2, any 2-form is automatically closed, hence LCS forms
coincide with symplectic forms. On the other hand, in dimension greater than 2, any 1-form
θ verifying (1) is uniquely determined by the LCS form Ω.
Definition 2.3. A differential manifold endowed with a conformal class of a LCS form
pM, rΩsq is called a locally conformally symplectic or LCS manifod. A complex manifold
endowed with a conformal class of a compatible LCK form pM,J, rΩsq is called a locally
conformally Ka¨hler or LCK manifold.
Remark 2.4. Our definition of a LCS/LCK form corresponds to what is usually called a
strict LCS/LCK form, and for the classical definition, the class of LCS/LCK forms contains
the globally conformally symplectic/Ka¨hler forms. However, from certain points of view,
the category of conformally symplectic manifolds and that of (strict) LCS manifolds behave
differently, and for our purposes we are only interested in the second one. In particular, in
the complex setting, there is a theorem of I.Vaisman ([15]) stating that a LCK form on a
complex manifold (M,J) is globally conformally Ka¨hler if and only if the manifold admits
some Ka¨hler metric. Thus for our definition, the class of LCK manifolds is disjoint form the
class of Ka¨hlerian manifolds.
Let pM, rΩsq be a LCS manifold. On the universal cover piM˜ : M˜ Ñ M , pi
˚
M˜
θ “ dϕ is exact
and hence Ω0 :“ e
´ϕpi˚
M˜
Ω P Ω2
M˜
is a symplectic form. Since pi˚
M˜
θ is pi1pMq-invariant, we have
that γ˚ϕ´ ϕ is constant for any γ P pi1pMq, hence we have a group morphism
ρ : pi1pMq Ñ pR,`q
γ ÞÑ γ˚ϕ´ ϕ.
We also have that pi1pMq acts on Ω0 by homotheties:
γ˚Ω0 “ e
´ρpγqΩ0.
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The data pM˜, pi1pMq, ρ,Ω0q completely determines the LCS manifold pM, rΩsq. Actually, in
order to get a symplectic manifold, one need not consider the universal cover of M , but only
its minimal cover with respect to which θ becomes exact. This is precisely Mˆ :“ M˜{Ker ρ
and its deck group over M is Γ “ pi1pMq{Ker ρ – Im ρ, which is a free abelian subgroup of
pR,`q, hence isomorphic to Zk for some k. Of course, the sympectic form of M˜ descends to
Mˆ , and we will denote it also by Ω0.
Note that the de Rham class of the Lee form rθsdR P H
1
dRpM,Rq is invariant under a conformal
change of the LCS form Ω, hence also the minimal cover Mˆ with the corresponding symplectic
form Ω0, up to multiplication by positive constants, depends only on the conformal class rΩs.
Also note that if Ω is a LCK form with respect to a complex structure J , then the sympectic
form Ω0 is Ka¨hler with respect to the pull-back complex structure.
For a given LCS form Ω with its Lee form θ, we have the twisted differential dθ :“ d´ θ ^ ¨
which verifies dθΩ “ 0 and dθ ˝ dθ “ 0. There is a result specific to the LCS geometry which
is not valid in conformal symplectic geometry, that will be useful to us:
Lemma 2.5. ([16],[12]) The map dθ : C8pMq Ñ Ω1pMq is injective on a LCS manifold
pM,Ωq.
In LCK geometry, there is a special class of manifolds that behaves particularly nicely, char-
acterised by a metric property:
Definition 2.6. Let pM,J,Ωq be a LCK manifold with corresponding metric g and Lee form
θ. The metric g is called Vaisman if the form θ is parallel with respect to the Levi-Civita
connection corresponding to g.
Vaisman manifolds are closely related to Sasaki manifolds: the universal cover of a Vasiman
manifold with its Ka¨hler metric is isometric to the Ka¨hler cone over a Sasaki manifold. We
recall that a Sasaki manifold pS, gS , J˜q is a Riemannian manifold pS, gSq together with a
complex structure J˜ on S ˆ R with respect to which the cone metric gK :“ e
´2tpgS ` dt
2q is
Ka¨hler, and the homotheties ψspz, tq “ pz, t` sq, s P R are holomorphic.
We will not insist at all on the properties of Vaisman manifolds, but invite the reader to
consult [5] and the references therein.
Remark 2.7. From now on, for a LCS manifod pM,Ωq we will always use the notations
θ, Mˆ ,Γ, ρ, ϕ or Ω0 to denote the uniquely associated objects as seen above, without redefining
them. Also, we will always suppose, unless otherwise stated, that the LCS/LCK manifolds
are compact connected of real dimension at least 4.
2.2. Infinitesimal Automorphisms. In this section we will take a closer look at the Lie
algebra of infinitesimal automorphisms of LCS or LCK manifolds, and will distinguish a
special subalgebra that will play a particular role.
For a LCS manifold pM, rΩsq, the automorphism group AutpM, rΩsq is formed by all the con-
formal diffeomorphisms Φ : M Ñ M , Φ˚Ω P rΩs. By obvious analogy, for a LCK manifold
pM,J, rΩsq, the automorphism group AutpM,J, rΩsq is given by all the conformal biholo-
morphisms. Denote by autpM, rΩsq and by autpM,J, rΩsq respectively the corresponding Lie
algebras of infinitesimal automorphisms.
First of all, note that X P autpM, rΩsq means LXΩ “ fXΩ. This implies pfX ´ θpXqqΩ “
dθpιXΩq. Hence d
θppfX ´ θpXqqΩq “ 0, or also pdfX ´ dpθpXqqq ^ Ω “ 0 and since we are
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working under the supposition that dimM ě 4, it follows that θpXq ´ fX “ cX P R. By
straightforward computations it can be seen that the constants cX are conformally invariant.
Hence we have a linear map:
l : autpM, rΩsq Ñ R
X ÞÑ cX “ θpXq ´ fX
(2)
which actually can be seen to be a Lie algebra morphism (see [16] for all the details). Consider
the kernel of this map, which is also conformally invariant:
aut1pM, rΩsq :“ tX P ΓpTMq|LXΩ “ θpXqΩu.
We will call elements of this subalgebra horizontal or special conformal vector fields.
On the other hand, for X P ΓpTMq and Xˆ :“ pi˚X P ΓpTMˆq its lift to Mˆ , we have the
following formula:
(3) L
Xˆ
Ω0 “ e
´ϕpi˚pLXΩ´ θpXqΩq.
In particular, for X P autpM, rΩsq we have L
Xˆ
Ω0 “ ´lpXqΩ0.
Also, under the hypothesis dimM ě 4, every conformal automorphism of the symplectic form
Ω0 is in fact a homothety:
LXΩ0 “ fΩ0 ñ 0 “ dpLXΩ0q “ df ^ Ω0 ñ df “ 0.
Hence we have proved the following lemma, which emphasises the role of aut1pM, rΩsq:
Lemma 2.8. We have a natural isomorphism between autpM, rΩsq and autpMˆ , rΩ0sq
Γ given
by pi˚. In particular, under this isomorphism, aut1pM, rΩsq is in bijection with autpMˆ,Ω0q
Γ,
the Lie algebra of Γ-invariant infinitesimal symplectomorphisms of Ω0.
Definition 2.9. A LCS form pΩ, θq is called exact if Ω is dθ exact, i.e. Ω “ dθη, for some
form η P Ω1M . Remark that, in this case, for any other LCS form in the same conformal class
Ωu “ e
uΩ with Lee form θu “ θ ` du we have Ωu “ d
θupeuηq. Hence we can call an LCS
manifold pM, rΩsq LCS exact if some, and hence any representative Ω is exact.
The map l defined in (2) is studied by I.Vaisman in [16], and in particular its restriction to
autpM,Ωq. He names LCS manifolds of the first kind those for which this restriction is not
identically zero and studies their structure. As noted in [16], being of the first kind is not a
conformally invariant notion. However, we have the following result in the conformal setting:
Lemma 2.10. The map l is surjective iff pM, rΩsq is LCS exact.
Proof. First of all fix Ω P rΩs a LCS form. Suppose l ı 0 and choose B P autpM, rΩsq such
that lpBq “ 1. Then we have:
θpBqΩ´ Ω “ LBΩ “ dιBΩ` θpBqΩ´ θ ^ ιBΩ
hence:
Ω “ dθp´ιBΩq.
Conversely, suppose Ω “ dη ´ θ ^ η. Define B P ΓpTMq by: ιBΩ “ ´η. We compute:
LBΩ “dιBdη ´ dpθpBqηq ` ιBpθ ^ dηq “
“dpθpBqη ´ ηq ´ dpθpBqηq ` θpBqdη ´ θ ^ pθpBqη ´ ηq “
“pθpBq ´ 1qΩ.
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Hence B P autpM, rΩsq and lpBq “ 1. 
3. Twisted Hamiltonian Vector Fields
In this section, we study the corresponding notions of Hamiltonian vector field and Hamil-
tonian group action to the LCS context. The definitions, as presented, were introduced by
I.Vaisman in [16], where one can also see a number of reasons for why these are the natural
analogues to the ones from the symplectic world.
Definition 3.1. A vector field X P ΓpTMq on a LCS manifold pM,Ω, θq is called twisted
Hamiltonian if there exits a function f P C8pMq such that ιXΩ “ d
θf .
Remark 3.2. Although it is not apparent from the definition, the above notion is actually
conformally invariant. Indeed, if X “ Xf is a twisted Hamiltonian vector field for Ω with cor-
responding function f P C8pMq and Ω1 :“ euΩ is another conformal form with corresponding
Lee form θ1 “ θ ` du, then we have:
(4) ιXΩ
1 “ eupdf ´ θfq “ dθ
1
pfeuq.
Remark 3.3. As in the symplectic setting, an LCS form Ω defines on C8pMq a Poisson bracket:
tf, gu :“ ΩpXg,Xf q @f, g P C
8pMq
and by straightforward calculations it can be seen that Xtf,gu “ rXf ,Xgs. Hence the set of
twisted Hamiltonian vector fields hampM, rΩsq :“ tX P ΓpTMq|Df P C8pMq ιXΩ “ d
θfu
forms a Lie subalgebra of ΓpTMq.
Remark 3.4. Actually, hampM, rΩsq Ă aut1pM, rΩsq. Indeed, for X “ Xf P hampM, rΩsq we
have:
LXfΩ “ ιXfdΩ ` dιXfΩ “ ιXf pθ ^ Ωq ` dpdf ´ θfq “ θpXf qΩ.(5)
Remark 3.5. The pull-back morphism pi˚ establishes an injection between hampM, rΩsq and
the Lie algebra of Hamiltonian vector fields of the symplectic form on the minimal cover
hampMˆ,Ω0q. Indeed, if X “ Xf P hampM,Ωq and Xˆ “ pi
˚X is the pull-back vector field to
Mˆ , by writing Ω0 “ e
´ϕpi˚Ω we have:
ι
Xˆ
Ω0 “ e
´ϕpdpi˚f ´ pi˚fdϕq “ dpe´ϕpi˚fq.
For Ω P rΩs, define the map AΩ : C8pMq Ñ hampM, rΩsq by sending a function f to its
corresponding Hamiltonian vector field Xf with respect to Ω. By Remark 3.3, if we consider
on C8pMq the Lie algebra structure given by Ω, AΩ is a Lie algebra morphism. Note that
since dθ : C8pMq Ñ Ω1M is injective by Lemma 2.5, also A
Ω is, hence AΩ is actually an
isomorphism of Lie algebras. By (4) we have Ae
uΩpfq “ AΩpeufq.
Definition 3.6. Let pM, rΩsq be a LCS manifold. We say that an action of a Lie group G is
twisted Hamiltonian if g :“ LiepGq Ă hampM, rΩsq.
Remark 3.7. If the Lie group G is compact and acts conformally on rΩs, then we can find a
LCS form in the given conformal class that is G-invariant. Indeed, take any LCS form Ω P rΩs.
Then, for any g in G, we have g˚Ω “ efgΩ, with fg P C
8pMq. Let dv be a normalised Haar
measure on G, and take h :“
ş
G
fgdvpgq, so that Ω
G :“
ş
G
g˚Ωdvpgq “ ehΩ. Then ΩG P rΩs
is, by definition, a G-invariant LCS form with corresponding Lee form θG “ dh` θ.
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Suppose that a compact Lie group G has a twisted Hamiltonian action on the LCS manifold
pM, rΩsq. As soon as we choose a LCS form Ω P rΩs, there automatically exists a moment
map, that is a Lie algebra morphism µΩ : g Ñ C8pMq which is a section of AΩ. More
precisely, for any X P g, if we denote by µΩX :“ µ
ΩpXq P C8pMq, we have ιXΩ “ d
θµΩX . This
comes from the fact that AΩ is an isomorphism of Lie algebras, hence µΩ “ pAΩq´1|g.
Remark 3.8. Similarly to the symplectic context, µΩ can also be seen as an application
µΩ : M Ñ g˚ via xµΩ,Xy “ µΩX . However, the fact that the first application is a Lie algebra
morphism does not automatically imply that the second one is G-equivariant. In fact, being a
Lie algebra morphism is conformally invariant, while being equivariant is not. Nonetheless, if
G is abelian, the equivariance of µΩ is equivalent to g Ă ker θ, or also to Ω being G-invariant.
Remark 3.9. If pM, rΩsq is an exact LCS manifold, and G is a compact Lie group that acts
conformally on it such that g “ LiepGq Ă aut1pM, rΩsq, then this action is automatically
twisted Hamiltonian. Indeed, as before, we can choose from the beginning, in the given
conformal class, Ω “ dθη and θ G-invariant. Now define ηG :“
ş
G
g˚ηdvpgq. Then, since θ is
G-invariant, we have:
dθηG :“
ż
G
g˚pdηqdvpgq ´ θ ^
ż
G
g˚ηdvpgq “
ż
G
g˚pdη ´ θ ^ ηqdvpgq “
ż
G
Ωdvpgq “ Ω.
Hence, there exists a momentum map given by the G-invariant form ´ηG. More precisely,
we have, for any X P g:
ιXΩ “ ιXdη
G ` θηGpXq “ LXη
G ´ dpηGpXqq ` θηGpXq “ dθp´ηGpXqq.
4. Torus actions on LCS manifolds
In this section we assemble mostly already known results concerning tori actions that we will
need in the sequel. In particular we will make use of the following well-known general result
about the orbits of smooth actions of compact Lie groups, which is a consequence of the
slice theorem. We refer the reader to [2] or to [4] for a proof of the result and for a detailed
presentation of the subject.
Theorem 4.1. Let N be a connected smooth manifold and G be a compact Lie group which
acts effectively by diffeomorphisms on N . For any x P N , denote by Gx :“ tg P G|g.x “ xu
the stabiliser of x in G, and let r “ infxPN dimGx. Then Nr :“ tx P N |dimGx “ ru, called
the set of principal G-orbits, is a dense connected open submanifold of N , and N ´ Nr is a
union of submanifolds of codimension ě 2. Moreover, if G is abelian and acts effectively on
N , then r “ 0.
Remark 4.2. In general, if G “ T is the compact torus and acts effectively on N as in the
above theorem, the stabilisers Gx need not be connected. However, if in addition we have
a symplectic form on N which is preserved by G and such that the orbits of the action
are isotropic, then indeed all the stabilisers are connected tori. For a proof of this, see for
instance [1, Lemma 6.7]. In particular, the set N0 is acted upon freely. As we will see soon,
cf. Proposition 4.6, this hypothesis will be verified in our context.
Since we will need to switch between the compact LCK manifold and the non-compact Ka¨hler
covering, we need to know what happens with a given torus action in the process. Its behaviour
actually does not involve the complex structure of the manifold, so next we give an analogue
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of [12, Proposition 4.4] in the LCS setting, when the group is a torus. The above result can
be shown to hold for any compact Lie group, following the arguments of [12] and using the
structure theorem of compact Lie groups.
Proposition 4.3. Let pM, rΩsq be a LCS manifold and T be a compact torus acting on
M by conformal automorphisms. Then the action of T lifts to the minimal cover Mˆ iff
LiepTq “ t Ă aut1pM, rΩsq.
Proof. We can suppose that T “ S1, for otherwise we make use of the same argument for each
generator of the T-action. Fix a LCS form Ω. Denote by X the generator of the infinitesimal
action of S1 on M , by Xˆ its lift to Mˆ and by Φt and Φˆt their corresponding flows, so that
Φ0 “ Φ1 “ idM . Then the action of T lifts to Mˆ iff Φˆt is periodic in t.
Suppose first that t Ă aut1pM, rΩsq. Equation (3) implies then that Xˆ P autpMˆ,Ω0q, hence
tΦˆtut are symplectomorphisms. On the other hand, Φˆ1 is an element of Γ since it covers the
identity of M . Thus Φˆ1 P Ker ρ “ tidu by the definition of the minimal cover.
Conversely, suppose Φˆt is periodic in t. As we already saw, Xˆ acts by homotheties on Ω0,
hence the exists a periodic C8 function c : R Ñ R such that Φˆ˚tΩ0 “ cptqΩ0. Moreover, we
have, for any t1, t2 P R:
cpt1 ` t2qΩ0 “ Φˆ
˚
t1
pΦˆ˚t2Ω0q “ Φˆ
˚
t1
pcpt2qqΦˆ
˚
t1
Ω0 “ cpt2qcpt1qΩ0.
Hence, for any t P R:
9cptq “ lim
hÑ0
cpt` hq ´ cptq
h
“ lim
hÑ0
cptqcphq ´ cptqcp0q
h
“ cptq 9cp0q.
On the other hand, since c is periodic, it must have some critical point, implying that 9cp0q “ 0.
Therefore L
Xˆ
Ω0 “ 9cp0qΩ0 “ 0, or also, by (3), X P aut
1pM, rΩsq. 
Remark 4.4. Note that, in general, an action of a group G on Mˆ descends to an action of G
on M iff G commutes with Γ.
Corollary 4.5. Any twisted Hamiltonian action of a compact torus T on a LCS manifold
pM, rΩsq lifts to a Hamiltonian action of T to the minimal symplectic cover pMˆ,Ω0q.
Proof. Indeed, by (5), t sits in aut1pM, rΩsq, so the T-action lifts to Mˆ . Moreover, the lifted ac-
tion is still Hamiltonian, since it admits the moment map µˆ : Mˆ Ñ t˚, µˆpxˆq “ e´ϕpxˆqµΩppipxˆqq.
Remark that we chose a form Ω P rΩs in order to define µˆ, but actually µˆ is conformally in-
variant. 
Recall that, for a symplectic manifold, the maximal dimension of a torus acting symplectically
and effectively on it is bounded from above only by the dimension of the manifold and,
moreover, in many cases the orbits are not isotropic. The next proposition shows that things
are different in the LCS setting. A variant of this result can again be found as Proposition
3.9 in [12].
Proposition 4.6. Suppose that a real torus Tm acts conformally end effectively on a LCS
manifold pM2n, rΩsq. Then m ď n ` 1 and, moreover, if t “ LiepTmq Ă aut1pM, rΩsq, then
m ď n and the orbits are isotropic with respect to any representative in rΩs.
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Proof. Denote by T Ă TM the distribution generated by Tm on M , and by Tˆ the one on Mˆ .
Suppose first that t Ă aut1pM, rΩsq. By (3) it follows that ΓpTˆ q Ă autpMˆ ,Ω0q. Hence, using
the formula:
(6) ιrX,Y s “ LXιY ´ ιY LX
we have, for any Xˆ and Yˆ in ΓpTˆ q:
0 “ ιrXˆ,Yˆ sΩ0 “ LXˆ ιYˆΩ0 “ dιXˆ ιYˆ Ω0 ` ιXˆdιYˆ Ω0.
But we also have:
dι
Yˆ
Ω0 “ LYˆ Ω0 “ 0
implying that dpΩ0pXˆ, Yˆ qq “ 0, or also that Ω0pXˆ, Yˆ q “ c P R. It follows that e
ϕc “
pi˚pΩpX,Y qq, and since eϕ is not Γ-invariant, c “ 0. Therefore, for any xˆ P Mˆ , Tˆxˆ is isotropic
with respect to pΩ0qxˆ, so Tˆ and also T have maximal rank at most n.
On the other hand, let M0 Ă M be the dense open set composed by all the m-dimensional
orbits, as in Theorem 4.1. Then M0 ˆ t injects into T |M0 as a vector subbundle in a natural
way, hence m ď n.
In the general case, if t Ć aut1pM, rΩsq, then by (2) there exists B P t´ aut1pM, rΩsq such that
lpBq “ 1. Then we have a splitting t “ RB ‘ t1 with t1 Ă aut1pM, rΩsq and by the above, t1
has dimension at most n, hence the conclusion follows. 
Definition 4.7. A LCS manifold pM2n, rΩsq is called toric LCS if the maximal compact
torus Tn acts effectively in a twisted Hamiltonian way on it. A LCK manifold pM2n, J, rΩsq is
called toric LCK if pM2n, rΩsq is toric LCS with respect to an action of Tn which is moreover
holomorphic.
The first examples of toric LCS/LCK manifolds are given by the diagonal Hopf surfaces
C2 ´ t0u{Γ with the Vaisman metrics constructed in [6] and with the standard torus action.
For a detailed proof, see [14] where toric LCK manifolds were first considered. See also [12]
for another construction of toric LCK manifolds out of toric Hodge manifolds.
5. Proof of Theorem A
We are now ready to give the proof of the main result:
Theorem A. Let pM,J, rΩsq be a compact toric LCK manifold. Then there exists a LCK
form Ω1 (possibly nonconformal to Ω) with respect to which the same action is still twisted
Hamiltonian, and such that the corresponding metric g1 is Vaisman.
Proof. Denote by T the n-dimensional compact torus that acts on the LCK manifold as in
the hypotheses of the theorem. Then the holomorphic action of T naturally extends to an
effective holomorphic action of the complexified torus Tc “ pC˚qn onM . Indeed, on one hand
the induced inclusion homomorphism τ : t Ñ autpM,Jq extends to a Lie algebra morphism
τ : LiepTcq “ tb C Ñ autpM,Jq by:
τpξ1 ` iξ2q “ τpξ1q ` Jτpξ2q “ Xξ1 ` JXξ2 .
On the other hand, we have the Cartan decomposition Tc “ T ˆ pRą0q
n and it Ă tc is
isomorphic to pRą0q
n under the exponential map. Hence, if ξ1, . . . , ξn form a basis of the
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Lie algebra t, then JXξ1 , . . . , JXξn P autpM,Jq, being complete vector fields, generate the
effective holomorphic action of pRą0q
n on M .
Let pMˆ, Jˆ ,Ω0q be the minimal Ka¨hler cover of pM,J, rΩsq of deck group Γ. The action of T
c
evidently lifts to Mˆ , and T also acts in a Hamiltonian way with respect to Ω0. Denote by
µˆ : Mˆ Ñ Rn the moment map of this action, and let Mˆ0 Ă Mˆ be the corresponding connected
dense open set of principal T-orbits, as in Theorem 4.1. Following the proof of Proposition
4.6, the orbits of T on Mˆ are isotropic, hence cf. Remark 4.2, Mˆ0 coincides with the set of
points of Mˆ on which T acts freely.
Fact 1: Tc preserves Mˆ0 and acts freely on it.
By the above, Tc “ T ˆ pRą0q
n preserves Mˆ0 iff @u P pRą0q
n, @xˆ P Mˆ0, @t P T ´ t1u,
tu.xˆ ‰ u.xˆ. But this is obvious since t and u commute.
To show that the action of Tc is free on Mˆ0, let g P T
c and xˆ P Mˆ0 with g.xˆ “ xˆ. With the
above remarks on Tc, we have g “ tu with t P T and u “ exppiξq, ξ P t. By letting yˆ :“ t.xˆ,
it follows that u.yˆ “ xˆ P Txˆ “ Tyˆ. Let c : R Ñ Mˆ be the curve cpsq “ exppisξq.yˆ. Since µˆξ is
constant on the orbits of T, it follows that:
(7) µˆξpcp0qq “ µˆξpyˆq “ µˆξpxˆq “ µˆξpcp1qq.
On the other hand, the vector field τpiξq “ JXξ is, by definition, the gradient of the Hamil-
tonian µˆξ. So, if ξ ‰ 0, then µˆξ would be strictly increasing along c, but this contradicts (7).
Thus ξ “ 0 and we have t.xˆ “ xˆ, implying again that t is the trivial element in T, hence g is
the trivial element in Tc.
Fact 2: Tc acts transitvely on Mˆ0.
For any xˆ P Mˆ0, the map T
c Ñ Mˆ0, g ÞÑ g.xˆ is a holomorphic open embedding. Therefore,
the connected open set Mˆ0 is a reunion of disjoint open orbits of T
c, hence it must contain
(and be equal to) a sole orbit.
In conclusion, for any choice of a point xˆ0 P Mˆ0 we have a T
c-equivariant biholomorphism
Fxˆ0 : pC
˚qn Ñ Mˆ0, g ÞÑ g.xˆ0, where pC
˚qn acts on itself by (left) multiplication. On the other
hand, Γ preserves Mˆ0, hence we can view Γ as a subgroup of biholomorphisms of pC
˚qn acting
freely.
Fact 3: Γ Ă Tc.
Let yˆ “ Fxˆ0pgq, with g P T
c, be any element of Mˆ0 and let γ P Γ. Denote by gγ P T
c the
element verifying γpxˆ0q “ Fxˆ0pgγq. Since the action of T
c on Mˆ is the lift of the action of Tc
on M , following Remark 4.4, Γ commutes with Tc. We thus have:
γpyˆq “ γpg.xˆ0q “ g.γpxˆ0q “ g.gγ .xˆ0 “ gγ .yˆ
implying that γ “ gγ P T
c.
Remark that, if gjγ P C˚ are the components of gγ , then for at least one 1 ď j ď n, |g
j
γ | ‰ 1.
Otherwise we would have Γ Ă T and so T would not act effectively on M .
Let now γ P Γ – Zk be a nontrivial primitive element and denote by Γ1 the subgroup generated
by γ. With the same notations as before, we can extend the action of Γ1 on Mˆ0 – pC
˚qn to a
holomorphic action of R on Mˆ0. Indeed, if γ expresses, as an automorphism of pC
˚qn, as:
γpz1, . . . , znq “ pα1z1, . . . , αnznq,
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with αj “ ρje
iθj in polar coordinates, then define the one-parameter group:
R Q t ÞÑ Φt P AutppC
˚qnq
Φtpz1, . . . , znq “ pρ
t
1e
itθ1z1, . . . , ρ
t
ne
itθnznq.
Remark that R – tΦtutPR is a subgroup of T
c Ă AutppC˚qnq, hence its action on Mˆ0 actually
extends to the whole of Mˆ . Moreover, this also implies that Γ commutes with R, so the
action of R descends on M to an effective action of R{Γ1 – S1. Let C P ΓpTMq be the real
holomorphic vector field generating this action.
Lemma 5.1. There exists on M a LCK form ΩC compatible with the complex structure J ,
with corresponding Lee form θC , so that C preserves both ΩC and θC. Moreover, the given
action of T is still Hamiltonian with respect to this new form.
Proof. For any t P R let ft :“ Φ
˚
t ϕ´ ϕ P C
8pMˆ q and define h :“
ş1
0
ftdt P C
8pMˆ q. Note that
the functions tftutPR are Γ-invariant:
δ˚ft “ Φ
˚
t δ
˚ϕ´ δ˚ϕ “ Φ˚t pϕ` ρpδqq ´ pϕ` ρpδqq “ ft, @δ P Γ(8)
hence so is h and they all descend to M . Moreover, since t Ă ker θ, ϕ is T-invariant. As T
commutes with tΦtutPR, it follows that also the function h is T-invariant.
Let the new Lee form be:
(9) θC :“
ż
R{Γ1
Φ˚t θdt “ d
ż 1
0
Φ˚t ϕdt “ dpϕ` hq “ θ ` dh.
By definition, it is C-invariant, but also T-invariant since t commutes with C.
Let now Ωh :“ e
hΩ P Ω2pMq and define the new LCK form as:
ΩC :“
ż
R{Γ1
Φ˚tΩhdt.
Since dΩh “ θ
C ^ Ωh by (9), we see that the Lee form of Ω
C is indeed θC :
dΩC “
ż
R{Γ1
Φ˚t pdΩhqdt “
ż
R{Γ1
Φ˚t θ
C ^ Φ˚tΩhdt “
“θC ^
ż
R{Γ1
Φ˚tΩhdt “ θ
C ^ ΩC .
Again, the C-invariance of ΩC follows from its definition. Moreover, since h is T-invariant
and T commutes with R{Γ1, also ΩC is T-invariant.
Finally, LCθ
C “ 0 implies that θCpCq is constant. On the other hand θCpCq “ LCϕ, and
since ϕ is not even Γ-invariant, it follows that θCpCq “ λ ‰ 0. Hence, by Lemma 2.10, the
form η “ ´ 1
λ
ιCΩ
C P Ω1M verifies Ω
C “ dθ
C
η. Moreover, η is automatically T-invariant, since
both C and ΩC are. Therefore, cf. Remark 3.9, we have a moment map for the action of T
on pM,J,ΩCq given by µCpXq “ ´ηpXq, implying that the action is still Hamiltonian. 
Lemma 5.2. The minimal cover corresponding to the form ΩC is Mˆ .
Proof. Let pC : MˆC ÑM be the minimal Ka¨hler cover corresponding to Ω
C with deck group
ΓC , and denote by p : Mˆ Ñ M the projection corresponding to Ω. We have pΦt “ Φtp for
any t P R, by making no distinction of notation between objects on M and on Mˆ . We see,
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by (9) in Lemma 5.1, that p˚θC “ dϕC is exact, where ϕC “ ϕ ` p˚h. So Mˆ is a covering
of MˆC and ΓC is a subgroup of Γ
1. On the other hand, by the same lemma, h is Γ-invariant,
so for any δ P Γ1 we have δ˚ϕC “ ρpδq ` ϕC . Thus no element of Γ1 preserves ϕC , therefore
MˆC “ Mˆ . 
We also give here a lemma since it follows directly from the above considerations, but we will
not make use of it in the sequel.
Lemma 5.3. The rank of Γ is 1.
Proof. With the same notations as before, suppose there existed some γ1 P Γ independent
(over Z) of γ. Then, in the same way, γ1 would generate another real holomorphic vector
field C 1 P ΓpTMq, independent of C. Indeed, if this was not the case, then suppose we have
C “ aC 1 with a P R. Then the corresponding flows would verify ΦtC “ Φ
t
aC1 “ Φ
at
C1 . In
particular, for any m P Z we would have that ΦmC “ Φ
am
C1 P Γ. From the independence of γ
and γ1 it follows that a R Q, so the additive subgroup Λ generated by 1 and a in pR,`q is not
discrete. Now, if we fix some xˆ P Mˆ , the map F : R Ñ Mˆ , t ÞÑ ΦtC1pxˆq is continuous, so also
F pΛq Ă Mˆ is not discrete. But F pΛq is contained in the fiber of the covering map through xˆ
which must be discrete, hence we have a contradiction.
Now let Ω1 be the LCK form obtained by averaging ΩC with respect to C 1, as in Lemma 5.1.
We would thus have an effective holomorphic action of Tn`2 onM generated by t‘RC‘RC 1,
which is moreover conformal with respect to Ω1. But by Proposition 4.6 this is impossible. 
From now on, to simplify notations, denote by Ω and by θ the forms ΩC and θC obtained in
Lemma 5.1. Let piit : t
c Ñ it and pit : t
c Ñ t be the natural projections, and consider the vector
field B1 :“ piitpCq P it. Since t Ă ker θ, we have θpB
1q “ θpCq “ λ, so let B “ ´ 1
λ
B1 P it.
Moreover, since Jpiit “ pitJ , we also have JB “ ´
1
λ
pitpJCq P t. Since B is a difference of
vector fields preserving Ω, it also preserves Ω and so does JB, being in t.
Consider, on the minimal cover Mˆ , the Ka¨hler form Ω0 “ e
´ϕΩ with corresponding metric
g0, where dϕ “ θ. We have:
LBΩ0 “ ´θpBqΩ0 “ Ω0 and LJBΩ0 “ 0.
Let η0 :“ ιBΩ0 and f0 :“ }B}
2
g0
“ η0pJBq. It follows, by the above:
dη0 “ LBΩ0 “ Ω0.
Since JB commutes with B and preserves Ω0, it also preserves η0. Hence we have:
0 “ LJBη0 “ dιJBη0 ` ιJBdη0 “ df0 ` Jη0
implying:
(10) η0 “ Jdf0 and Ω0 “ dη0 “ dd
cf0.
Now, since both B and JB are Γ-invariant, we have, for any γ P Γ:
γ˚f0 “ pγ
˚Ω0qpB, JBq “ e
´ρpγqf0
hence f0 is a Γ-equivariant function, which is moreover strictly positive. Therefore,
(11) Ω1 :“
1
f0
ddcf0
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is a LCK form on M , in the same conformal class as Ω, with corresponding Lee form θ1 “
´d ln f0.
Finally, we have, by (10):
ιJBΩ
1 “
1
f0
Jη0 “ ´
1
f0
df0 “ θ
1
which implies that ´B is the fundamental vector field pθ1q#. In particular, since B is both
holomorphic and an infinitesimal automorphism of Ω1, it is also Killing, so:
(12) ∇θ1 “ dθ1 “ 0
implying that pΩ1, θ1q is the Vaisman structure that we have been looking for. This ends the
proof of the theorem. 
Now, as a consequence of the main result, of [12, Proposition 5.4] and of [3, Theorem 9.1] we
have:
Corollary 5.4. Let pM,J, rΩsq be a toric LCK manifold, strict or not. If pM,Jq is Ka¨hlerian,
then M is simply connected, and in particular b1pMq, the first Betti number of M , is 0. If
not, then b1pMq “ 1.
6. Final Remarks
Remark 6.1. In the last part of the proof, once we had the holomorphic symplectic infinitesi-
mal automorphisms B and JB, we could have applied directly a theorem of Kamishima and
Ornea in [9]. Indeed, their result states that presence of such vector fields, generating a what
they call holomorphic conformal flow, assures the existence, in the given conformal class, of
a Vaisman metric. However, we chose to construct the Vaisman structure explicitly, hence
also giving an alternative proof of that theorem. Remark that to switch from conformal to
symplectic automorphisms of Ω, one only needs to consider the corresponding form ΩG to
a Gauduchon metric in the conformal class, for then we have, cf. [12, Proposition 3.8(i)],
autpM,J,ΩGq “ autpM,J, rΩsq.
Remark 6.2. Lemma 5.3 can also be seen, a posteriori, as a consequence of a result of [12,
Proposition 5.4], where it is shown that a compact toric Vaisman manifold has first Betti
number 1.
Remark 6.3. In the symplectic setting it follows, by using the Delzant classification, that
every compact toric symplectic manifold is in fact a toric Ka¨hler manifold, i.e. there exists
an integrable complex structure, preserved by the torus action, compatible with the given
symplectic form. It turns out that this does not happen in the LCS setting, i.e. a toric LCS
manifold is not necessarily toric LCK. We illustrate this by the following simple example.
Example 6.4. Consider on the compact manifold M “ pS1q4 the action of T “ T2 given by:
peit1 , eit2q.peiθ1 , eiθ2 , eiθ3 , eiθ4q “ peipt1`θ1q, eipt2`θ2q, eiθ3 , eiθ4q
where θ1, . . . , θ4 and t1, t2 are the polar coordinates on M , respectively T , given by the
exponential map exp : R Ñ S1, θ ÞÑ eiθ. Let ν be the volume form on S1 such that exp˚ ν “
dθ, let pj : M Ñ S
1 be the canonical projection on the j-th factor of M and let νj :“ p
˚
j ν,
where j P t1, 2, 3, 4u. Define the T -invariant 1-forms on M :
θ :“ ν4 and η :“ sin θ3ν1 ` cos θ3ν2.
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Then we have:
dη “ cos θ3ν3 ^ ν1 ´ sin θ3ν3 ^ ν2 and dη ^ η “ ν3 ^ ν1 ^ ν2
implying that η induces a contact form on p˚1S
1 ˆ p˚2S
1 ˆ p˚3S
1, hence Ω “ dθη P Ω2pMq is
a T -invariant LCS form on M . Moreover, clearly LiepT q Ă ker θ, so LiepT q Ă aut1pM, rΩsq.
Thus, by Remark 3.9, the T -invriant form ´η gives a moment map for the T -action, hence
pM, rΩsq is a toric LCS manifold. On the other hand, b1pMq “ 4 R t0, 1u, so by Corollary 5.4
M cannot admit a toric LCK structure (strict or not).
Theorem A together with the papers [14], [12] and [11] lead to a classification of toric LCK
manifolds, at least as toric complex manifolds. Indeed, now we know that we have a toric
Vaisman metric on any toric LCK manifold. Next, since the universal cover of the Vaisman
manifold is the Ka¨hler cone over a Sasaki manifold, [14] shows that the corresponding Sasaki
manifold is also toric in a natural way. Moreover, Lemma 5.3 or also [12, Proposition 5.4]
imply that the Sasaki manifold is compact. Finally, any toric Sasaki manifold is in particular
a toric contact manifold, and the last ones, when compact, were given a classification in [11].
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